Abstract. Let X denote a Riemann surface which possesses a fixed point free group of automorphisms with a hyperelliptic orbit space. A criterion is proved which determines whether the hyperelliptic involution lifts to an automorphism of X. Necessary and sufficient conditions are stated which determine when a lift of the hyperelliptic involution is fixed point free. A complete determination is made of the abelian groups which may arise as automorphism groups of surfaces which possess a fixed point free lift.
Hyperelliptic Riemann surfaces are natural objects of interest and have been studied quite extensively. They have simple defining equations and, since they admit an involution, they constitute a family of Riemann surfaces whose members admit a nontrivial automorphism. Covering surfaces of hyperelliptic surfaces have also been closely examined. The question of when a hyperelliptic surface can have a hyperelliptic cover was investigated in [2] , [5] , [8] , and [10] . It was shown in [6] that if a Riemann surface X admits an abelian, fixed point free automorphism group H, then the hyperelliptic involution lifts to X. In addition, in [6] it was stated that if H is cyclic of prime order, then the lift of the hyperelliptic involution is never fixed point free. Further results concerning when the hyperelliptic involution lifts to a covering surface are contained in [1] .
Let X be a compact Riemann surface which admits a fixed point free automorphism group H ≤ Aut(X) with a hyperelliptic orbit space. In this paper we give necessary and sufficient conditions which determine when the hyperelliptic involution lifts to X. In addition, we give necessary and sufficient conditions which determine when such a lift is fixed point free. A complete determination is made of the abelian groups which may arise as automorphism groups of surfaces which possess a fixed point free lift. These results are combined with results in [12] to yield specific examples of automorphism groups yielding a hyperelliptic orbit space.
I. Preliminaries
We establish conventions used throughout the paper. All Riemann surfaces considered are compact and all hyperelliptic Riemann surfaces have genus g ≥ 2. If X is a Riemann surface, then Aut(X) denotes the full automorphism group of X. If 
II. Generators and relations for Λ
Recall that ∆ is a Fuchsian group of signature (0; 2, 2, . . . , 2). Thus ∆ is isomorphic to the group with the following presentation:
Generators: C 1 , C 2 , . . . , C i , . . . , C 2g+1 . Relations: C i 2 = e, for 1
Since Λ is a fixed point free Fuchsian group, φ(C i ) = 1 for each i. Clearly elements of Λ are those elements of ∆ which can be expressed as a product of an even number of the C's.
We will determine a set of generators and relations for Λ. To accomplish this, we first note several relations which may easily be derived by the reader.
From (ii) and (iii) above we deduce that C m C n = C m C 2g+1 C 2g+1 C n can be expressed in terms of the A's and B's, thus
Using the relations for ∆, we establish a defining relation among the A's and B's as follows:
By (i), (iii), (v), and (ii), equation (2) becomes
To show this is the only relation satisfied by the A's and B's we employ the following theorem.
Theorem II.2. Let F be a free group of rank n < ∞. Then 1) A surjective group endomorphism of F is an automorphism.
2) Any set of n elements which generates F, freely generates F.
Proof. For 1) and 3) see [11] . We will prove 2). Suppose a 1 , . . . , a n generate F, but assume they satisfy a nontrivial relation. Let b 1 , . . . , b n be a set which freely generates F. Then there is a surjective group homomorphism φ : F → F, defined by b i → a i for i = 1, 2, . . . , n. Since the a i satisfy a nontrivial relation, ker(φ) is nontrivial. This contradicts 1).
To show that equation (3) is the sole defining relation for Λ, let Λ 1 be the abstract group generated by the symbols α 1 , β 1 , . . . , α g , β g , with the sole defining relation, [
Let F denote the free group on the symbols C 1 , C 2 , . . . , C 2g+1 , let F 2 denote the subgroup of F consisting of all products of an even number of elements of F, and let R denote the normal subgroup of F generated by (C 1 C 2 . . . C 2g+1 ) 2 and C 2 i , for i = 1, 2, . . . , 2g + 1. Note that R ≤ F 2 , ∆ ∼ = F/R, and Λ ∼ = F 2 /R. Part 3) of the theorem implies that F 2 is a free group of rank 4g + 1. Calculations analogous to (ii) and (iii) yield that F 2 is generated by the 4g + 1 elements of
, where the A's and B's are defined as in (1) . For example, in analogy to (iii) we have
. Thus C 2k−1 C 2g+1 can be expressed in terms of these generators. In a similar manner, so can C 2k C 2g+1 , and thus, so can C m C n for all m, n ≤ 2g + 1. Part 2) of Theorem II.2 guarantees that T freely generates F 2 .
We define maps Ψ 1 :
Note that the single relation of Λ 1 maps to the identity under Ψ 1 , thus the map is well defined. We define Ψ 2 first on F 2 by Ψ 2 (A i ) = α i , Ψ 2 (B i ) = β 1 , and Ψ 2 (C j 2 ) = e for 1 ≤ i ≤ g and 1 ≤ j ≤ 2g + 1. Since F 2 is a free group, the map defines a group homomorphism. Note that R ≤ ker(Ψ 2 ). Thus Ψ 2 induces a group homomorphism on F 2 /R; we continue to call this map Ψ 2 .
Note that Ψ 2 • Ψ 1 is the identity on Λ 1 . Thus Ψ 1 is injective. Since Ψ 1 (α i ) and Ψ 1 (β i ) equal A i and B i respectively, this implies that the A's and B's satisfy no relation other than (3).
Since Λ ∆, elements of ∆ induce automorphisms of Λ by conjugation. Let τ denote the automorphism of Λ induced under conjugation by C 2g+1 . We explicitly calculate τ below.
Conjugation of A k by C 2g+1 yields
Note that if k = g − 1, the second parenthesis in (5) does not appear. Using (iii), (v), and (1) to rewrite each parenthesis, (5) becomes (4) and (6) we obtain
and
Again assume that X is a Riemann surface which admits a group of automorphisms H ≤ Aut(X) such that X/H is biholomorphic to U/Λ. Then there exists a fixed point free Fuchsian group Γ such that U/Γ is biholomorphic to X and H ∼ = Λ/Γ. The hyperelliptic involution lifts to X if and only if Γ ∆. Since Γ Λ and [∆ : Λ] = 2, this occurs if and only if τ induces an automorphism of Γ. However, it is easy to observe that τ induces an automorphism of Γ if and only if τ induces an automorphism,τ, of Λ/Γ = H.
Let us call the cosets A i Γ and B i Γ of H by a i and b i respectively. Thus H is generated by elements
By the definition of the a i and b i and the above argument, the hyperelliptic involution lifts to X if and only if τ induces a group automorphism of H. We have proved the following theorem: Theorem II.3. Let H be a finite group which can be generated by the 2g elements 
Conversely, if X is any compact Riemann surface which admits a fixed point free group of automorphisms H such that X/H is hyperelliptic, then a set of generators
{a 1 , b 1 , . . . , a g , b g }, for H can
be found such that the hyperelliptic involution lifts to X if and only if H has the group automorphism defined in (ii) above.
The theorem allows us to prove the following result which was proved by Farkas [6] .
Corollary II.4. Let X be a compact Riemann surface which admits an abelian group H of automorphisms such that X/H is hyperelliptic. Then the hyperelliptic involution lifts to an automorphism of X.
Proof. In this case,τ in the theorem is the map which sends a k and b k to a respectively. This is an automorphism of any abelian group. Thus the hyperelliptic involution lifts to an automorphism of X.
III. Applications
We apply Theorem II.3 to investigate specific examples of Riemann surfaces X which admit a group of automorphisms H such that Y = X/H is hyperelliptic. We investigate when the involution of Y lifts to an automorphism of X. If it does not, we examine when it it possible to conclude that H = Aut(X).
Throughout this section we choose our notation to be consistent with that in Theorem II.3. 
In addition, the mapτ of Theorem II.3 reduces to the map a → (a
b . Theorem II.3 yields that this is an automorphism of H if and only if the hyperelliptic involution lifts to an automorphism of X.
Assume H has the group automorphismτ given in Theorem II.3.
2 commutes with a. Since H is generated by a and b this implies b 2 is in the center of H. This yields a contradiction. Thusτ is not an automorphism of H, so the hyperelliptic involution does not lift to an automorphism of X.
If the hyperellitic involution does not lift to an automorphism of X, we will show that for many groups, this implies H = Aut(X). To accomplish this, we employ techniques developed in [12] to deal with covering surfaces of (not necessarily hyperelliptic) Riemann surfaces. In [12] , a generalization of the following theorem is proved. Proof. Let H = P SL(2, p f ) with p an odd prime, p f ≥ 11, and let P denote the p Sylow subgroup of H consisting of uppertriangular matrices with ones along the diagonal. Note that N (P ) consists of the uppertriangular matrices in H. Let c be a primitive root for 
assume a prime divisor of the order of A 2n is greater than 84(g − 1) if H = A 2n . In addition, assume Y possesses no nonidentity automorphisms except for the hyperelliptic involution. Then H = Aut(X 3 ).
Proof. (i) and (ii) follow trivially from Theorem III.1, Lemma III.3, and the remarks concerning A 2n preceding the statement of the theorem. We now prove (iii). From (i), we know there is a Riemann surface X 3 such that X 3 /H = Y, and the involution of Y does not lift to an automorphism of X 3 . Assume H = Aut(X 3 ). Let γ denote the genus of X 3 . Since H is fixed point free, | H |= (γ − 1)/(g − 1). By the famous bound of Hurwitz, the order of G = Aut(X) is less than or equal to 84(γ − 1).
Thus [G : H] ≤ 84(g − 1). If p
f > 11, no subgroup of P SL(2, p f ) has index less than p f + 1 [9] . Theorem III.2 yields that H is strictly contained in N G (H). Thus N G (H)/H induces a nontrivial group of automorphisms on Y. Thus there exists g ∈ G such that gH is a nonidentity automorphism of Y ; by hypothesis, it must be the hyperelliptic involution. But then gH lifts to g ∈ G = Aut(X), contradicting that the involution does not lift to an automorphism of X 3 .
Theorem III.5. Assume Y is a hyperelliptic surface of genus g = 2 or 3 which possesses no nontrivial automorphisms except for the hyperelliptic involution. Let p be an odd prime, let p f > 11 and let H = P SL(2, p f ). Then there is a Riemann surface X such that H = Aut(X), H is fixed point free, and Y = X/H.
Proof. From Theorem III.4, there exists a Riemann surface X such that X/H = Y and the involution of Y does not lift to an automorphism of X. If g = 3, this result, in conjunction with a theorem of [12] , yields that H = Aut(X). We outline the analogous argument if g = 2.
If H = Aut(X), let G ≤ Aut(X) be chosen to be minimal with respect to properly containing H. If H G, then g ∈ G \ H induces the automorphism gH of Y. This lifts to the automorphism g of X which contradicts our hypothesis. It is easy to check, using [3] , that if 12 < p f + 1 ≤ 84, then P SL (2, p f ) is not contained as a maximal subgroup of a simple group with index in Ω. Thus G is not simple. By minimality there is a subgroup K, such that G = HK, and H ∩ K = e. Again by minimality, K is characteristically simple; noting the integers in Ω, this implies that K is elementary abelian. Thus H induces automorphisms of an elementary abelian group whose order is in Ω. This is impossible. Thus H = Aut(X).
IV. Fixed point free lifts
For the remainder of the paper we assume that the Riemann surface X = U/Γ, which admits the group of automorphisms H = Λ/Γ, has a lift of the hyperelliptic involution. We continue to use the notation of Section II. Let G denote ∆/Γ. We denote A i Γ, B i Γ, C i Γ, and Definition IV.1. Let x ∈ G H. We say x is a fixed point free lift of the hyperelliptic involution iff x acts as a fixed point free automorphism group on X.
Recall that the elliptic elements of ∆ are C 1 , C 2 , . . . , C 2g+1 , C 2g+2 , and the conjugates of these elements. Thus x will be a fixed point free lift if and only if x does not contain a conjugate of c i for i = 1, 2, . . . , 2g + 2. Define h 1 , . . . , h 2g ∈ H, by h 2k = a 
Then x ∈ G H is a fixed point free lift of the hyperelliptic involution if and only if
We consider several examples.
Example I.
Assume H = h is cyclic of order n. We show that X does not possess a fixed point free lift of the hyperelliptic involution. From the corollary, it is sufficient to show that Ω = Hd. Since H is abelian, 
where j is odd. Thus h j d ∈ Ω, thus Ω = Hd, and there is no lift of the hyperelliptic involution which is fixed point free. For the next example we require a proposition whose proof may easily be supplied by the reader.
x.
Example II. Now assume that H is a finite abelian group, say If k ∈ H is not contained in (10) , then kd generates a subgroup of order 2 in G and kd is not an element in Ω. In this case X has a fixed point free lift of the hyperelliptic involution. . Having defined the map for B g , A g , B g−1 , A g−1 , . . . , B k+1 , A k+1 , and thuŝ A k , we define φ on B k and A k so that B 
In particular, (10) equals
. Substituting this into (11) yields that there is no fixed point free lift if and only if H does not equal r−s = 2g + 2, then x 1 , x 2 , . . . , x 2g+1 are a complete set of nonidentity coset representatives for 2H in H. However, the homomorphism Λ → H was defined to only yield x 1 , . . . , x 2g as images of specific elements of Λ. But in this case, we apply Proposition IV.3, which yields that x 2g+1 + 2H = x 1 + x 2 + · · · + x 2g + 2H. Thus, in this case also, H equals the union in (12) , and there is no fixed point free lift. b) We now show that if 2 r−s > 2, then there exists a Riemann surface which admits H as a group of automorphisms which has a fixed point free lift of the hyperelliptic involution. Assume first that 2 r−s > 4. Let {x i } equal e r , e r−1 , . . . e 1 , 0, 0, . . . . In this case, the union in (12) equals 0 + 2H ∪ e s+1 + 2H ∪ · · · ∪ e r + 2H ∪ (e s+1 + e s+2 . . . e r ) + 2H which, since r − s > 2, clearly does not equal H. Thus there exists a fixed point free lift of the hyperelliptic involution.
If 2 r−s = 4, first suppose r = 2 and s = 0, and let {x i } equal e 2 , e 2 , e 1 , 0, 0 . . . . If r − s = 2 and s ≥ 1, let {x i } be e s+2 , e s+1 , e s + e s+1 , e s−1 , e s−2 , . . . , e 1 , 0, 0, . . . . In each case it is easily verified that the union in (12) does not equal H, thus there is a fixed point free lift of the hyperelliptic involution. Example III. Now let H be a finite group of odd order. We show that the hyperelliptic involution never lifts to an automorphism of X. Note that if H is nonabelian, an element g ∈ G H may have order greater than 2.
Let g ∈ G H have order n. Let K denote g . Then HK = G, and | G |= n | H | / | H ∩ K | . Thus g must have even order; in fact, ord(g) = 2m where m is odd. Consider g m . It has order 2; thus it is not an element of H. On the other hand, both d and g m are elements of G of order 2. Since a Sylow 2 subgroup of G has order two, Sylow's theorem implies that g m is conjugate to d. Thus g m is not a fixed point free automorphism of X. Thus X has no lift of the hyperelliptic involution which is fixed point free on X.
